Abstract. We prove a 2-adic inequality for the coefficients of binary bent functions in their polynomial representations. The 2-adic inequality implies a family of identities satisfied by the coefficients. The identities also lead to the discovery of some new affine invariants of Boolean functions on Z m 2 .
Introduction
Binary bent functions, referred to in this paper simply as bent functions, were first introduced by Rothaus [19] . A function f : Z is a perfect binary array [7] . Extensive work on bent functions has produced many interesting results regarding constructions, characterizations, generalizations and other aspects of these functions. (See the references.) However, further advances in the area depend on a better understanding of the fundamental structure of bent functions. The present paper is an attempt in this direction. The main result here is a 2-adic inequality satisfied by the coefficients of bent functions in their polynomial representations. The 2-adic inequality implies a family of identities for the coefficients. Our approach is as follows. First, a bent function f : Z 2t 2 → Z 2 is lifted to a function f : Z 2t 2 → {0, 1} ⊂ Z. Then the functionf is analyzed 2-adically using a known characterization of the lifts of bent functions. Finally, the result onf is translated back in terms of f . The advantage of this approach is that the liftf contains much information that is not visible in the form of f .
The identities for the coefficients of bent functions also lead us to the discovery of a family of affine invariants of Boolean functions on Z m 2 . These invariants are relatively easy to compute from the polynomial form of Boolean functions and are useful tools to determine affine non-equivalence among Boolean functions. 
The main theorem
The algebra of all functions from Z m 2 to Z 2 is
For each S ⊂ {1, . . . , m}, denote i∈S X i ∈ P m by X S . Let f = S⊂{1,...,m} a S X S ∈ P m , where a S ∈ Z 2 . For each integer k ≥ 1 and each S ⊂ {1, . . . , m}, let
Throughout this paper, the 2-adic order function is denoted by ν.
3)
The proof of Theorem 2.1 will be completed in Section 4.
. Therefore, we have the following corollary.
(2.5) Equation (2.5) with k = 2 has been obtained in [14] . We remark that several previous computer searches for bent functions can be made much easier using Corollary 2.2 ( [12] , [19] ). In [12] , all cubic bent functions in 8 variables were determined up to affine equivalence using the following method. First, the representatives of the GL-orbits in R(3, 8)/R(2, 8) are known [10] , where R(r, m) = {f ∈ P m : deg f ≤ r} is the rth order Reed-Muller code. There are 32 such representatives denoted by [10] , [12] ; they are the canonical cubic forms in 8 variables. Basically, for each 1 ≤ i ≤ 32, [12] searched through all Q ∈ R (2, 8) for F i + Q to be bent. Bent functions were found for 6 of the canonical forms F i ; in the notation of [10] , [12] , the 6 "surviving" canonical forms are
On the other hand, let t = 4, |S| = 6, k = 2, and deg f = 3 in Corollary 2.2. Then (2.5) becomes
which is an equation in the coefficients of the cubic terms of f . It can be easily checked that for each of the cubic forms
is bent only if i = 1, 2, 3, 5, 7, 9 and the computer search in [12] is greatly reduced. The computer search for bent functions in 6 variables in [19] can be reduced by Corollary 2.2 similarly.
Lifting of bent functions
In this section, we describe a characterization of lifts of bent functions obtained by Carlet and Guillot [5] . (Also see [14] .) This characterization will be the starting point of the proof of Theorem 2.1.
The functionf is also bent and is called the dual of f [19] .
where m x ∈ Z and m x ≡ 0 (mod 2
Theorem 3.1 was proved in [5] but was not stated as a theorem there. The explicit statement of Theorem 3.1 is in [14] . The reader is cautioned that Theorem 
2 are distinct such that
What we prove here is a result slightly stronger than Theorem 2.1. 
Proof. Choose l ≥ 2µ(x) + 1. We havē
Then the identityf
From (4.8), one easily sees that
The sum in (4.9) is
where 
Thus by (4.1) and (4.13),
which also implies (4.11).
Now from (4.9), (4.10) and (4.11), we have 
It suffices to prove (5.3) in two cases:
Let P be the power set of {1, . . . , m}. For each S ⊂ P, let a S = S∈S a S and b S = S∈S b S . Also let Q be the power set of {3, . . . , m}. For each U ∈ Q and U ⊂ Q, let U 1 = U ∪ {1} and
where, by (5.6),
However, if X , Y, Z are not pairwise disjoint and U, X , Y, Z satisfy all other conditions in the sum in (5.9), one can see that a U a X 1 a Y 2 a Z 12 = 0 using the fact
(5.10)
where T ∈ Q. We have
(5.11)
In the last sum of (5.11),
(5.12)
In the last of (5.12),
(5.13)
In a similar way, one can show that 
Proof. The conclusion is immediate using Lemma 5.1 and induction.
Two functions f, g ∈ P m are called affinely equivalent if g = f • φ for some invertible affine transformation φ of Z m 2 . Affine classifications of elements in various subsets and quotient sets of P m are important problems in coding theory. However, these are very difficult problems with only a few results ( [1] , [9] , [10] , [17] ). One of the difficulties here is the lack of good affine invariants for Boolean functions. The affine invariants introduced in this paper could be valuable new tools in the study of the classification problems. In the following example, we observe that in some cases, the new invariants can separate affine equivalence classes of Boolean functions easily while other invariants fail. There are bent functions that are not affinely equivalent to any MM bent function, but previous proofs of such nonequivalence are either ad hoc or complicated ( [7] , [13] ). If a function f ∈ P 2t is affinely equivalent to a function of the form (5.16), then so is D a f for all a ∈ Z 
